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Abstract
We review aspects of superconformal indices in three dimension.
Three dimensional superconformal indices can be exactly computed by
using localization method including monopole contribution, and can be
applied to provide evidence for mirror duality, AdS4/CFT3 correspon-
dence and global symmetry enhancement of strongly coupled gauge the-
ories. After reviewing, we discuss the possibility of global symmetry
enhancement in a finite rank of gauge group.
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1 Introduction
Duality is a powerful tool to study a strongly coupled gauge theory. Duality enables
us to map strongly coupled region in a gauge theory to weakly coupled region in
the dual theory, so phenomena such as color confinement can be addressed by
perturbation from the dual theory. Several examples are known such as S duality,
Seiberg duality [1], mirror duality [2], AdS/CFT duality [3].
Although it is often too difficult to prove duality completely, one can provide
evidence for duality by using a superconformal index. A superconformal index can
be a test of duality by checking whether indices of both theories agree or not. Such
an analysis was first carried out for the simplest example of AdS5/CFT4 duality,
N = 4 super Yang-Mills theory and its gravity dual [4]. The agreement of indices of
both theories was confirmed in the large N limit. Four dimensional indices can be
calculated for less supersymmetric gauge theories and they were applied to various
types of duality [5, 6, 7, 8, 9, 10, 11, 12, 13].
Similarly, three dimensional indices can be computed. Index calculation in three
dimension has been performed actively since N = 6 Chern-Simons theory (ABJM
theory) appeared [14], which provides the first example of AdS4/CFT3 duality.
An index for ABJM theory was first computed by taking ’t Hooft limit [15], which
excludes monopole contribution. It was confirmed that the index agrees with that of
dual type IIA theory. The index for ABJM theory including monopole contribution
can be also calculated [16]. It was checked that it coincides with that of dual M-
theory in the large N limit. This kind of analysis can be done for N = 5, 4, 3
Chern-Simons theories [17, 18, 19]. An index for a general N = 2 superconformal
field theories was first computed in [20], and it can be applied to AdS4/CFT3 duality
[21, 22], mirror duality [20] with refined analysis [23, 24] and other types of duality
[25, 26, 27, 28, 29].
In the next section, we make a brief review of a derivation of a three dimensional
superconformal index and give an index formula explicitly. From this formula, we
can obtain a formula of an index in the large N limit. In Section 3, we apply the
formula to several N = 2 gauge theories. We will give evidence for mirror duality
and AdS4/CFT3 duality by using indices. The final section is devoted to summary
and discussion.
2 Superconformal index
The definition of a superconformal index is
I = TrH
(
(−1)F e−β
′{Q,S} C
)
. (1)
Here H is the Hilbert space of the theory, F is fermion number operator, Q is a
supercharge satisfying the nilpotent condition, S is the hermitian conjugate of Q, C
is a chemical potential which commutes with Q, and β′ is a parameter. Indices are
defined so that they receive contribution only from supersymmetric states. This is
due to the fact that in a supersymmetric theory there is one-to-one correspondence
between bosons and fermions in non-supersymmetric states and their contributions
totally cancel thanks to insertion of (−1)F [30]. As a result, (1) is independent
from β′. In this section, we will show a general formula of a three-dimensional
superconformal index and the large N version of the formula.
2.1 Formula in three dimension
Before showing a formula of an index, we make a brief review on how to compute
an index. To calculate an index, we have to specify the Hilbert space of the theory.
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For this purpose, since the theory is a euclidean conformal field theory, we use
the radial quantization. In other words, we consider the theory not on R3 but on
S2 × R by using a conformal transformation. Here R is the radial direction of R3.
By regarding this radial direction as time, we quantize the theory and obtain the
Hilbert space as a set of the quantized states.
We compute a superconformal index of this theory in path-integral approach
by using a localization method [16, 20]. To do this, we first compactify the radial
direction R to S1 to read off the charge assignment of the states. Then we add a
Q-exact term into the original Lagrangian. Since only BPS states contribute to the
index, this Q-exact deformation does not change the index at all. The point is that
we can choose a Q-exact term in such a way that it becomes kinetic terms of the
fields on S2×S1 [16, 31]. Then we look for saddle points of the Q-deformed action.
It turns out that saddle points are given by GNO monopole solutions [32], which is
specified by a magnetic flux through S2, with holonomy, which is a zero-mode of a
gauge field on S1. Note that saddle points are sensitive to the topology of the space.
Then we expand the theory around a saddle point and take the weak coupling limit,
which can be realized by sending the coupling of the Q-exact term to infinity. After
the weak coupling limit, the total Lagrangian consists of quadratic terms of the
fields on a monopole background and thus we can perform path-integral exactly,
which reduces to gaussian integrals. The index is decomposed in the following form.
I =
∑
M
tM
∫
dαe−S0
[∏
v
Iv
∏
q
Iq
]
. (2)
Here we introduce the chemical potential t for a magnetic charge M in a collective
notation. We sum the contribution over all saddle points parametrized by a mag-
netic chargeM and holonomy α. e−S0 is the contribution coming from the original
action, which does not vanish only when it includes a Chern-Simons term
S0 =
∑
v
ikvtrv(αM), (3)
where kv is the Chern-Simons coupling of a vector multiplet v and trv is trace for
the gauge group associated with v. Iv and Iq are the contributions coming from a
vector multiplet and a chiral multiplet, respectively.
The result of the path-integral is the following. The contribution of a vector
multiplet is [16]
Iv =
1
(sym)
∏
vˆ(M)=0
2i sin
(
vˆ(α)
2
)∏
vˆ
[
x−
1
2 |vˆ(M)| exp
[ ∞∑
m=1
1
m
i
v(eimα, xm)
]]
. (4)
vˆ represents a weight of the gauge representation of the vector multiplet v. The
factors 1
(sym)
and
∏
vˆ(M)=0 2i sin
(
vˆ(α)
2
)
come from the Weyl symmetry and gauge
fixing of the unbroken gauge group, respectively. When the gauge group G is broken
to
∏
iGi by monopole flux, (sym) is given by
∏
i(rankGi)!. The factor x
− 12 |vˆ(M)|
describes the zero-point energy of a vector multiplet on a monopole background. iv
describes a single excitation of a vector multiplet on a monopole background, called
a letter index.
i
v(x, eiα) = −eivˆ(α)x|vˆ(M)|. (5)
The following exponential
exp
[ ∞∑
m=1
1
n
i(eimα, xm, zmi )
]
(6)
2
is called plethystic exponential. The plethystic exponential of a letter index de-
scribes an index of a multi-excitation.
The contribution of a chiral multiplet is [20]
Iq =
∏
qˆ
[
e−
i
2 |qˆ(M)|qˆ(α)x
1
2 (1−∆q)|qˆ(M)|z−
1
2 |qˆ(M)|Fi
i exp
[ ∞∑
m=1
1
m
i
q(eimα, xm, zni )
]
,
(7)
where qˆ represents a weight of the gauge representation of the chiral superfield q.
The structure is the same as that of a vector multiplet. The first factor in front
of plethystic exponential describes the contribution of zero-point fluctuation of a
chiral multiplet. iq is a letter index of a chiral multiplet.
i
q(eiα, x, zi) = e
iqˆ(α)zFii
x|qˆ(M)|+∆q
1− x2
− e−iqˆ(α)z−Fii
x|qˆ(M)|+2−∆q
1− x2
, (8)
where ∆q is a conformal dimension of the scalar field in a chiral multiplet. Plethys-
tic exponential describes a multi-excitation of a chiral multiplet on a monopole
background.
When the conformal dimension is canonical, ∆q =
1
2 , the formula of indices was
derived in [16]. We generalized the result of [16] so that it can be applicable to
theories with non-canonical R-charge assignments [20]. It was pointed out that this
formula can be further generalized to N = 2 theories in a non-trivial background
gauge field coupling to global symmetry currents [24].
2.2 Large N formula
From a general formula for an index shown in the previous section, we can obtain
an index formula in the large N limit [21]. In application of the formula, gauge
theories we have in mind are quiver gauge theories, so we specify the gauge group
as a product of unitary groups
∏
v U(Nv)v and representations of the chiral matters
as bi-fundamental ones. It is not difficult to do for other types of gauge group
and representation such as fundamental/anti-fundamental representations. In this
situation, the saddle points are labeled by the diagonal components of magnetic
charges Mvs and holonomy α
v
s for each gauge group U(Nv)v, where s = 1, · · · , Nv.
So the formula is rewritten as
I(x, zi) =
∑
M
tM
1
(sym)
∫
dαe−S0eib0(α)xǫ0zf0ii exp
[ ∞∑
m=1
1
n
i(eima, xm, zmi )
]
. (9)
Here the total letter index i consists from those of vector and hyper multiplets,
i =
∑
v i
v +
∑
q i
q, where
i
v(eiα, x) =
Nv∑
s,t=1
(1− δs,t)
(
−ei(α
v
s−αvt )x|M
v
s−Mvt |
)
, (10)
i
q(eiα, x, zi) =
Nhq∑
s=1
Ntq∑
t=1
x|M
hq
s −Mtqt |
1− x2
(
ei(α
hq
s −αtqt )zFi(q)i x
∆(q) − e−i(α
hq
s −αtqt )z−Fi(q)i x
2−∆(q)
)
,(11)
3
where we assume that the chiral multiplet q is (Nhq , N¯tq ) representation for the
gauge group U(Nhq)hq × U(Ntq )tq . The zero-point contributions is
ǫ0 =
1
2
∑
q
Nhq∑
s=1
Ntq∑
t=1
|Mhqs −M
tq
t |(1−∆(q))−
1
2
∑
v
Nv∑
s=1
Nv∑
t=1
|Mvs −M
v
t |,(12)
f0i = −
1
2
∑
q
Nhq∑
s=1
Ntq∑
t=1
|Mhqs −M
tq
t |Fi(q), (13)
b0(α) = −
1
2
∑
q
Nhq∑
s=1
Ntq∑
t=1
|Mhqs −M
tq
t |(α
hq
s − α
tq
t ). (14)
The striking feature of the large N index is that the index can be factorized into
three parts by monopole charges as
I = I(0)I(+)I(−). (15)
Here I(0), I(+), I(−) are the neutral, positive, negative parts of the index. Let us
explain this below. To see this factorization, we can divide the letter index into
three parts
i = i(0) + i(+) + i(−), (16)
where i(∗) =
∑
v i
v(∗) +
∑
q i
q(∗) and
i
v(0) =
Nv∑
s,t=1
(
−ei(α
v
s−αvt )x|M
v
s |+|Mvt |
)
, (17)
i
v(±) =
N(±)v∑
s,t=1
ei(α
v
s−αvt )
(
−(1− δs,t)x
|Mvs−Mvt | + x|M
v
s |+|Mvt |
)
, (18)
i
q(0) =
Nhq∑
s=1
Ntq∑
t=1
x|M
hq
s |+|Mtqt |
1− x2
(
ei(α
hq
s −αtqt )zFi(q)i x
∆(q) − e−i(α
hq
s −αtqt )z−Fi(q)i x
2−∆(q)
)
, (19)
i
q(±) =
N
(±)
hq∑
s=1
N
(±)
tq∑
t=1
x|M
hq
s −Mtqt | − x|M
hq
s |+|Mtqt |
1− x2
(
ei(α
hq
s −αtqt )zFi(q)i x
∆(q) − e−i(α
hq
s −αtqt )z−Fi(q)i x
2−∆(q)
)
.(20)
∑N(±)v
s=1 means summation over s satisfying Ms
>
<0, where M > 0 (M < 0) means
that M is non-zero and the components are all non-negative (non-positive). This
is due to the fact that iv(±) and iq(±) vanish unless Mvs ,M
v
t and M
hq
s ,M
tq
t are the
same signature, respectively.
We can also divide the factors in front of plethystic exponential by three parts
as follows.
S0 = S
(0)
0 + S
(+)
0 + S
(−)
0 , (21)
ǫ0 = ǫ
(0)
0 + ǫ
(+)
0 + ǫ
(−)
0 , (22)
f0i = f
(0)
0i + f
(+)
0i + f
(−)
0i , (23)
b0 = b
(0)
0 + b
(+)
0 + b
(−)
0 . (24)
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The neutral sector is
S
(0)
0 = 0, (25)
ǫ
(0)
0 = N
∑
v
∑
hq=v
tq=v
1−∆(q)
2
− 1
 Nv∑
s=1
|Mvs |, (26)
f
(0)
0i = −N
∑
v
∑
hq=v
tq=v
Fi(q)
2
 Nv∑
s=1
|Mvs |, (27)
b
(0)
0 (α) = −
1
2
∑
q
Nhq∑
s=1
Ntq∑
t=1
(
|Mhqs |+ |M
tq
t |
)
(αhqs − α
tq
t ), (28)
The charged sector is
S
(±)
0 =
∑
v
N(±)v∑
s=1
ikvα
v
sM
v
s , (29)
ǫ
(±)
0 =
1
2
(∑
q
N
(±)
hq∑
s=1
N
(±)
tq∑
t=1
M(hq, tq : s, t)(1−∆(q)) −
∑
v
N(±)v∑
s=1
N(±)v∑
t=1
M(v, v : s, t)
)
,(30)
f
(±)
0i = −
1
2
∑
q
N
(±)
hq∑
s=1
N
(±)
tq∑
t=1
M(hq, tq : s, t)Fi(q), (31)
b0(α) = −
1
2
∑
q
N
(±)
hq∑
s=1
N
(±)
tq∑
t=1
M(hq, tq : s, t)(α
hq
s − α
tq
t ). (32)
Here we set
M(a, b : s, t) = |Mas −M
b
t | − |M
a
s | − |M
b
t |. (33)
By using these decompositions, I(0), I(±) in (15) is written as
I(0) =
∫
dαeib
(0)
0 xǫ
(0)
0 z
f
(0)
0i
i exp
[ ∞∑
m=1
1
n
i
(0)(eima, xm, zmi )
]
, (34)
I(±) =
∑
M><0
tM
1
(sym)
∫
dαe−S
(±)
(0) eib
(±)
0 xǫ
(±)
0 z
f
(±)
0i
i exp
[ ∞∑
m=1
1
n
i
(±)(eima, xm, zmi )
]
.(35)
Let us assume b0(α) vanishes as is the case with vector-like theories. Under this
assumption, we can perform the holonomy integral in I(0) in the large N limit. By
using the following notation
λv,m =
Nv∑
s=1
(x|Ms|eiαs)m, (36)
we can rewrite i(0) as
i
(0) = −
∑
v
λA,+1λA,−1+
∑
q
[
λhq,+1λtq ,−1
zFii x
∆(Φ)
1− x2
− λhq,−1λtq ,+1
z−Fii x
2−∆(Φ)
1− x2
]
,
(37)
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which is quadratic of λv. Therefore, if we set i
(0) = −
∑
v,v′ λv,+1Mv,v′(x, zi)λv′,−1,
then I(0) can be calculated as
I(0) =
∫
dλ xǫ
(0)
0 z
f
(0)
0i
i exp
− ∞∑
m=1
1
m
∑
v,v′
Mv,v′(x
m, zmi )λv,mλv′,−m

= xǫ
(0)
0 z
f
(0)
0i
i
∞∏
m=1
(
det
v,v′
M−1v,v′(x
m, zmi )
)
. (38)
3 Applications
In the previous section, we showed a formula of a superconformal index with a
general R-charge assignment. In this section, testing whether the formula works
correctly, we apply it to N = 2 superconformal field theories which have a non-
canonical R-charge assignment and show evidence of mirror duality and AdS4/CFT3
duality.
3.1 Mirror duality
We apply the formula to a mirror pair of N = 2 gauge theories. In this paper, we
use a mirror pair studied in [33, 34].
One of the pair we study is U(1) supersymmetric Maxwell theory (SQED) with
a fundamental flavor, which means a pair of fundamental/anti-fundamental chiral
multiplet. This theory has flavor symmetry U(1)L×U(1)R and toplogical symmetry
U(1)J , which is generated by topological current J
µ = εµνρFνρ. It is easily seen that
the diagonal U(1) group of the flavor symmetry is included in the gauge symmetry,
so it is sufficient to take account of U(1)L−R, which act on two chiral fields in the
same way. This theory flows to non-trivial fixed point in the infra-red (IR) region.
Let us denote the U(1)R charge of the chiral fields as h. Then the letter index of
the IR theory is
iQED(x, e
iα, y) = fh,M (x, e
iαy) + fh,M(x, e
−iαy), (39)
where y describes the chemical potential for U(1)L−R. f is defined by
f∆,M (x, y) =
yx|M|+∆ − y−1x|M|+2−∆
1− x2
. (40)
Notice that the contribution of a vector multiplet becomes trivial since the theory
is abelian. The total index is given by
IQED(x, y, t) =
∑
M∈Z
tM
∫
dα
2π
x(1−h)|M|y−|M| exp
( ∞∑
n=1
1
n
iQED(x
n, einα, yn)
)
.
(41)
The mirror dual theory is known as a Wess-Zumino model of three chiral mul-
tiplets q, q˜, S with cubic superpotential, q˜Sq. From this superpotential, we can see
two global U(1) symmetries assigned for three fields q, q˜, S as 1,−1, 0 and −1,−1, 2,
respectively. Due to permutation symmetry of three chiral fields, we can determine
the conformal dimension of the fields as two thirds so that the superpotential has
R-charge two. It will turn out that, however, this information is not necessary for
indices of both theories to match. To see the agreement of both indices, we need
the relation of conformal dimensions of chiral fields coming from the correspon-
dence of chiral operators such that Q˜Q↔ S, where Q, Q˜ are chiral fields of SQED.
From this relation, the conformal dimensions of three chiral fields q, q˜, S are fixed
6
as 1− h, 1− h, 2h, respectively. By combining these facts, we can obtain the letter
index of the dual theory
iWZ(x, y
′, t′) = f1−h,0(x, t′y′−1) + f1−h,0(x, t′−1y′−1) + f2h,0(x, y′2) (42)
and the total index
IWZ(x, y
′, t′) = exp
( ∞∑
n=1
1
n
iWZ(x
n, y′n, t′n)
)
. (43)
Here t′, y′ are the chemical potentials for the two global U(1) symmetries.
By using numerical calculation, we can show that both indices agree in a series
expansion form by setting t′ = t, y′ = y [20].
IQED(x, y, t) = IWZ(x, y, t)
=
(
1 +
(
1
ty
+
t
y
)
a+
(
1
t2y2
+
t2
y2
)
a2 +
(
1
t3y3
+
t3
y3
)
a3 +
(
1
t4y4
+
t4
y4
)
a4 +O(a5)
)
+
(
y2 − 2a2 +
a4
y2
+O(a5)
)
b2 +
(
y4 +
(y
t
+ ty
)
a3 − 3a4 +O(a5)
)
b4 +O(b6),
(44)
where we set a = x1−h, b = xh.
One can show the agreement of both indices analytically [23]. Let us explain the
analytic proof briefly. For this purpose, it is convenient to define q-shifted factorials
following [23].
(A; q)n =
{ ∏n−1
k=0 (1−Aq
k) (n > 0)
1 (n = 0)∏|n|−1
k=0 (1 −Aq
−k−1)−1 (n < 0).
(45)
We also use the abbreviation such that (A; q) = (A; q)∞ and (A1, A2, · · · , Al; q) =
(A1; q)(A2; q) · · · (Al; q). By using this notation, the indices of SQED and the dual
Wess-Zumino model can be rewritten as
IQED(x, y, t) =
∑
M∈Z
tM
∮
dz
2πiz
a|M|/2y−|M|
(z−1y−1a
1
2 x|M|+1, zy−1a
1
2x|M|+1;x2)
(zya−
1
2 x|M|+1, z−1ya−
1
2x|M|+1;x2)
,(46)
IWZ(x, y
′, t′) =
(t′−1y′a−
1
2x2, t′y′a−
1
2x2, y′−2a;x2)
(t′y′−1a
1
2 , t′−1y′−1a
1
2 , y′2a−1x2;x2)
. (47)
The contour integral in (46) is carried out around the unit circle. The poles of the
integrand in (46) in the unit circle are z = ya−
1
2x|M|+1+j , where j ∈ Z ≥ 0 when
x < a
1
2 /z < 1. Picking up these poles, one can perform the residue calculus of (46)
IQED(x, y, t) =
∑
M∈Z
tM aˆ|M|/2
∞∑
j=0
(aˆx−2j , x2(|M|+1+j);x2)
(aˆ−1x2(|M|+1+j), x2;x2)(x−2j ;x2)j
, (48)
where we set aˆ = y−2a. It turns out from a straight forward calculation that one
can perform the summation over M without taking the absolute value for M . By
using this fact and a little calculation, one finds
IQED(x, y, t) =
∞∑
j=0
∑
M∈Z
(taˆ
1
2 )M
(aˆ−1x2(1+j);x2)M
(x2(1+j);x2)M
(aˆx−2j , x2(1+j);x2)
(aˆ−1x2(1+j), x2;x2)(x−2j ;x2)j
.
(49)
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By using Ramanjujan summation formula∑
M∈Z
(A; q)M
(B; q)M
zM =
(q, B/A,Az, q/(Az); q)
(B, q/A, z,B/(Az); q)
, (50)
one can perform the summation over M as
IQED(x, y, t) =
(aˆ;x2)
(taˆ
1
2 , t−1aˆ
1
2 ;x2)
∞∑
j=0
(t−1aˆ
1
2x−2j , taˆ−
1
2 x2(1+j);x2)
(aˆ−1x2(1+j);x2)(x−2j ;x2)j
(51)
=
(aˆ, taˆ−
1
2x2;x2)
(taˆ
1
2 , aˆ−1x2;x2)
∞∑
j=0
(aˆ−1x2;x2)j
(x2;x2)j
(t−1aˆ
1
2 )j . (52)
By using binomial theorem
∞∑
j=0
(A; q)j
(q; q)j
zj =
(Az; q)
(z; q)
, (53)
one can also carry out the summation over j as
IQED(x, y, t) =
(aˆ, taˆ−
1
2 x2, t−1aˆ−
1
2x2;x2)
(taˆ
1
2 , aˆ−1x2, t−1aˆ
1
2 ;x2)
, (54)
which precisely agrees with IWZ(x, y, t) in (47).
One can study mirror pairs with more flavor case [20, 23] and with a more
general background [24].
3.2 AdS4/CFT3 duality
We apply the formula to anN = 2 Chern-Simons-matter theory which has M-theory
dual on AdS4 ×Q1,1,1, where Q1,1,1 is a homogeneous manifold defined by
SU(2)× SU(2)× SU(2)
U(1)× U(1)
. (55)
From the definition, Q1,1,1 has the isometry
SU(2)1 × SU(2)2 × SU(2)3 × U(1)R. (56)
The last U(1)R factor is identified with the R-symmetry.
A corresponding gauge theory is proposed as a quiver Chern-Simons theories
studied in [35]. The field contents and symmetries are shown in Table 1. The
superpotential of the theory is
W = tr(ǫijC2B1AiB2C1Aj). (57)
It turns out that the moduli space of the theory is Q1,1,1/Zk, and this theory
is expected to be dual to M-theory on AdS4 × Q1,1,1/Zk. Here Zk is included
in the diagonal SU(2) of SU(2)2 × SU(2)3, so Zk breaks SU(2)2 × SU(2)3 to
U(1)F × U(1)B. The manifest global symmetry in the Lagrangian is
SU(2)1 × U(1)F × U(1)B × U(1)R. (58)
The charge assignment of U(1)B(U(1)F ) is given by the summation (difference) of
those of U(1)2 and U(1)3. Using the symmetry and the fact that the superpotential
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Table 1: Symmetries and their charge assignments for the fields of a gauge theory
dual to M-theory dual on AdS4 × Q1,1,1. In the table, U(N)a,ka (a = 1, 2, 3, 4) is
a-th U(N) gauge group with Chern-Simons level ka, U(1)i (i = 1, 2, 3) is Cartan
subgroup of SU(2)i.
Symmetry A1 A2 B1 B2 C1 C2
U(N)1,k 0 0 N¯ 0 0 N
U(N)2,k 0 0 0 N N¯ 0
U(N)3,−k N¯ N¯ N 0 N 0
U(N)4,−k N N 0 N¯ 0 N¯
U(1)1
1
2 −
1
2 0 0 0 0
U(1)2 0 0
1
2 −
1
2 0 0
U(1)3 0 0 0 0
1
2 −
1
2
U(1)R 1− 2h 1− 2h h h h h
has the R-charge 2, we can determine R-charges of the chiral fields with one pa-
rameter h. If AdS4/CFT3 duality is the case in this model, then the gauge theory
must have the global symmetry (56) rather than (58) when k = 1 in the large N
limit. In the following, we give evidence of this global symmetry enhancement by
using a superconformal index.
Since we fix the charge assignments of the fields, we can compute an index of this
theory by applying the formula. We compute the index of this model numerically
up to x2 order when k = 1. The neutral part of the index is
I(0)(x, zi) = 1+χ 1
2
(z1)
(
z
1/2
2
z
1/2
3
+
z
1/2
3
z
1/2
2
)
x+
[
χ1(z1)
(
2
z2
z3
+ 1 + 2
z3
z2
)
− 3
]
x2+ · · · ,
(59)
where χs(z) is the SU(2) character with spin s
χs(z) = z
s + zs−1 + · · ·+ z−s. (60)
The charged parts are
I(+) = 1 + χ 1
2
(z1)z
−1/2
2 z
−1/2
3 x+
[
(χ1(z1)− 1)(z
−1
2 + z
−1
3 ) + 2χ1(z1)z
−1
2 z
−1
3
]
x2 + · · · .(61)
I(−) = 1 + χ 1
2
(z1)z
1/2
2 z
1/2
3 x+ [(χ1(z1)− 1)(z2 + z3) + 2χ1(z1)z2z3]x
2 + · · · . (62)
To obtain the positive part of index, we sum up the following contributions including
I
(+)
(0,0,0,0)(x, zi) = 1.
I
(+)
(1,1,1,1)(x, zi) = χ 12 (z1)z
−1/2
2 z
−1/2
3 x+ (χ1(z1)− 1)(z
−1
2 + z
−1
3 )x
2 + · · · ,
I
(+)
(2,2,2,2)(x, zi) = χ1(z1)z
−1
2 z
−1
3 x
2 + · · · ,
I
(+)
((1,1),(1,1),(1,1),(1,1))(x, zi) = χ1(z1)z
−1
2 z
−1
3 x
2 + · · · . (63)
We have several remarks from these results. First, we observe that the index
does not depend on h. Second, we can easily see that the index has the following
properties.
I(∗)(x, z1, z2, z3) = I(∗)(x, z−11 , z2, z3), (64)
I(∗)(x, z1, z2, z3) = I(∗)(x, z1, z3, z2), (65)
I(−)(x, z1, z2, z3) = I(+)(x, z1, z−12 , z
−1
3 ). (66)
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And each relation comes from symmetry underlying the theory. (64) comes from
SU(2)1 symmetry. (65) is due to Z2 symmetry, which exchanges Bi and Ci. (66)
originates in the charge conjugation symmetry, which exchanges B1, C1 and B2, C2,
respectively.
To see the flavor symmetry enhancement to SU(2)3, we compute the total index
by using the factorization property (15). To do this, we simply multiply (59), (61),
and (62).
I(x, zi) = 1 + χ 1
2
(z1)χ 1
2
(z2)χ 1
2
(z3)x+ (2χ1(z1)χ1(z2)χ1(z3)− 2)x
2 + · · · . (67)
This is invariant under the Weyl reflections zi → z
−1
i and under permutations
among zi, which implies that the theory has SU(2)
3 symmetry. This is precisely
what we expect from the isometry of Q1,1,1.
The comparison with the index of dual M-theory was carried out in [22]. The
gravity index can be obtained by summing the BPS spectrum of M-theory on AdS4×
Q1,1,1, which was investigated in [36]. It turns out from the spectrum that up
to the x2 order the single particle index receives the contribution only from one
hypermultiplet and short vector multiplets. The result is
Isp(x, zi) = χ 1
2
(z1)χ 1
2
(z2)χ 1
2
(z3)x
+(χ1(z1)χ1(z2)χ1(z3)− χ1(z1)− χ1(z2)− χ1(z3)− 2)x
2 + · · · . (68)
Note that the positive terms are coming from the hypermultiplet and the negative
terms are from (massless) vector multiplets. One can easily see that the multi-
particle index for M-theory on AdS4 ×Q1,1,1, which can be obtained as plethystic
exponential of (68), agree with (67) up to the order of x2.
Consult [21, 22] for further investigation such as applications to other N = 2
Chern-Simons matter theories and their gravity duals.
4 Summary and discussion
We have seen aspects of three dimensional superconformal indices. They can
be computed exactly by using localization method including the contribution of
monopole operators, which play a key role to elucidate the rich structure of three-
dimensional superconformal field theories and their M-theory duals. We showed
that superconformal indices can capture the rich structure and non-perturbative
aspects such as mirror duality, AdS4/CFT3 duality.
In Section 3.2, using a superconformal index we showed evidence of a global
symmetry enhancement of a gauge theory dual to M-theory on AdS4 × Q1,1,1 in
k = 1 in the large N limit. It is natural to ask whether this phenomenon occur in
a finite N . We strongly suspect this is not the case at least in this model. This
is simply due to the fact that in a finite N case a non-diagonal monopole operator
contributes to the index non-trivially and thus the enhancement doesn’t happen. To
discuss this concretely, let us compute the index of the gauge theory in abelian case.
This can be done simply by applying the formulas (9), (10) and (11). It turns out
that several non-diagonal monopole operators contribute to the index non-trivially
like
I(1,−1,0,0)(x, zi) = x4 −
(
1
z21
+ z21
)
x6 + · · · , (69)
I(0,0,−1,1)(x, zi) = x2+2h − 4x6+2h + χ 1
2
(z1)
(
z22
z23
+
z23
z22
)
x7+2h + · · · . (70)
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Contributions coming from non-diagonal monopole operators like these break the
invariance under the Weyl reflections and permutations of zi.
1
Therefore, we naturally expect that these contributions from non-diagonal monopole
operators decouple after the large N limit. This expectation is also natural from
the dual geometry perspective. We proposed in [37] that a non-diagonal monopole
operator corresponds to a M2-brane wrapped on a two-cycle in an internal manifold.
We gave evidence for this on N = 4 Chern-Simons theories by using supconformal
indices [18, 38]. In case of N = 4 Chern-Simons theories, such two cycles are van-
ishing ones coming from orbifold singularities, so wrapped M2-branes on them are
BPS and contribute to the index of order 1. In a general N = 2 Chern-Simons
theories, however, such two cycles have a finite volume. Therefore, even if wrapped
M2-branes on them become BPS and contribute to the index, the contribution is
of order x
√
N , so decouple after the large N limit.
It is worth mentioning that this consideration is not inconsistent with the earlier
study that the supersymmetry is enhanced from N = 6 to N = 8 in ABJM theory
with k = 1, 2 [39, 40, 41, 42]. This is simply because ABJM theory does not have
non-diagonal monopole operators [37]. Indeed, for example, we can compute the
index of abelian ABJM theory with k = 1 by using the formula. Here we use the
normalization in [16]. We can evaluate it analytically and the result is given by the
plethystic exponential of the following single-particle index
iABJM = (v
1
2χ1/2(zA)y + v
− 12χ1/2(zB)y−1)
x
1
2
1− x2
−(v
1
2χ1/2(zA)y
−1 + v−
1
2χ1/2(zB)y)
x
3
2
1− x2
. (72)
Here zA and zB are chemical potentials for SU(2)A and SU(2)B symmetries rotating
the complex scalars A1, A2 and B1, B2, respectively. v is a chemical potential for
U(1)b symmetry and y is that for the diagonal monopole charge. By setting v = 1,
which means making the baryonic charge of the fields trivial, this single-particle
index (72) reduces to that of four complex chiral multiplets with a suitable charge
assignment. This is consistent with the expectation that abelian ABJM theory is an
effective field theory of one membrane, which, in particular, has SO(8) R-symmetry.
On the other hand, a discrepancy was found between an index for several N = 2
gauge theories calculated by using the large N formula and that for their gravity
duals calculated from the BPS spectrum obtained by Kaluza-Klein analysis at a
higher order [22]. It will be worthwhile to investigate whether there is a discrepancy
in other N = 2 models, and what is the problem if there is.
We hope we will come back to these issues in the near future.
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1 The contribution of the index only from diagonal monopole operators up to the order of x3 is
Idiagonal(x, zi) = 1 + χ 1
2
(z1)χ 1
2
(z2)χ 1
2
(z3)x+ (χ1(z1)χ1(z2)χ1(z3)− χ1(z1)− χ1(z2)− χ1(z3)− 3)x
2
+χ 1
2
(z1)χ 1
2
(z2)χ 1
2
(z3)(χ1(z1)χ1(z2)χ1(z3)− χ1(z1)χ1(z2)− χ1(z2)χ1(z3)− χ1(z1)χ1(z3) + 2)x
3
+O(x4), (71)
which is invariant under the Weyl reflections and permutation of zi.
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